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Abstract 
We analyze the behavior of a Cooper Pair Box (CPB) that is coupled to charge fluctuators that 
reside in the dielectric barrier layer in the box's ultra-small tunnel junction. We derive the 
Hamiltonian of the combined system and find the coupling between the CPB and the fluctuators 
as well as a coupling between the fluctuators that is due to the CPB. We then find the energy 
levels and transition spectrum numerically for the case of a CPB coupled to a single charge 
fluctuator, where we treat the fluctuator as a two-level system that tunnels between two sites. 
The resulting spectra show the usual transition spectra of the CPB plus distinctive transitions due 
to excitation of the fluctuator; the fluctuator transitions are 2-e periodic and resemble saw-tooth 
patterns when plotted as a function of the gate voltage applied to the box. The combined CPB-
fluctuator spectra show small second-order avoided crossings with a size that depends on the 
gate voltage. Finally, we discuss how the microscopic parameters of the model, such as the 
charge times the hopping distance, the tunneling rate between the hopping sites, and the energy 
difference between the hopping sites, can be extracted from CPB spectra, and why this yields 
more information than can be found from similar spectra from phase qubits. 
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 Two-level fluctuators (TLF) of one kind or another have long been recognized as an 
underlying cause of resistance fluctuations in metals [1,2], critical current fluctuations in 
Josephson junctions [3-7], excess flux noise in SQUIDs [7-9], and telegraph noise and excess 
charge noise in Coulomb blockade devices [10-13]. Not surprisingly, different types of 
fluctuators lead to different types of fluctuations. For example, observations of excess flux noise 
in high-Tc superconductors have revealed that the two-level fluctuators are just vortices that hop 
between different pinning sites [14-16]. In other cases, the microscopic nature of the fluctuators 
is still unclear. For example, the unusual behavior of flux noise at temperatures below 1 K 
appears to be inconsistent with the hopping of vortices and may be due to fluctuating electron 
spins [17-18]. The situation for charge and critical current fluctuators is somewhere between 
these extremes. After more than two decades of research, some basic information is known about 
the microscopic fluctuators responsible for charge and critical current fluctuations - the 
fluctuators appear to be moving charges or rotating electric dipoles in the insulating junction 
barrier or nearby dielectric layers [3] - but the precise microscopic identification of the 
fluctuators is not settled.  
 There are several reasons why it has been difficult to be certain of the precise 
microscopic agents causing charge or critical current fluctuations. First, the effects from 
individual fluctuators are typically very small, especially for the cryogenic or milli-Kelvin 
temperatures of interest here, and this typically makes the resulting experiments quite 
challenging. Second, a variety of materials and processes have been used to build devices, and 
the presence of a fluctuator may well depend on both the materials and the fabrication technique. 
Third, while measurements of telegraph noise can reveal microscopic information about 
individual fluctuators, in many cases it is possible only to distinguish the largest one or two 
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fluctuators in a background noise of smaller fluctuations. Compared to the number of atoms in 
even the smallest device, such observable discrete fluctuators are extremely rare and thus may 
not be representative of a typical atomic scale defect in the device. Finally, much of the 
experimental data obtained on fluctuators consists of relatively smooth 1/f noise power spectra. 
Such noise spectra arise from a distribution of many fluctuators [1,19] and it is often not possible 
to resolve individual fluctuators. From smooth spectra, it is difficult to determine uniquely such 
basic microscopic parameters as the hopping distance or the absolute number of fluctuators in a 
given energy range. 
Research in quantum computing based on superconducting devices has led to increased 
interest in understanding two-level fluctuators. In qubit research, fluctuators can be a serious 
problem because they can lead to decoherence, dissipation, inhomogenous broadening and a 
decrease in measurement fidelity [20-23]. With this new interest have also come new approaches 
to the problem. In particular, microwave spectroscopy of Josephson phase qubits and flux qubits 
has revealed the presence of small un-intended avoided crossings in the transition spectrum due 
to coupling between the device and individual two-level fluctuators [20-23]. Similar avoided 
crossings have also been observed recently [23] in the transition spectra of Cooper pair boxes 
(CPB), allowing the new spectroscopic approach to be applied to charge fluctuators in a system 
that is a sensitive detector of charge. 
Here, we examine the behavior of a Cooper pair box [25-29] that is coupled to charged 
two-level fluctuators and show how microscopic information can be extracted about the 
fluctuators. We first summarize the basic physics of the Cooper pair box. We then derive the 
Hamiltonian for a system where charged fluctuators are coupled to a CPB and find the energy 
levels numerically for the case of a single two-level fluctuator coupled to a CPB. We find that 
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the resulting transition spectra show a distinct saw-tooth feature that is characteristic of the 
fluctuator. In addition, we find that three key model parameters for individual fluctuators (the 
charge times the hopping distance, the tunneling rate between the hopping sites, and the energy 
difference between the hopping sites) can be uniquely extracted from the spectra. Finally, we 
conclude with a summary of our key results and discuss how the CPB-fluctuator spectra provide 
additional information about the fluctuators that is not found in analogous spectra from phase 
qubits, suggesting that measurements of CPB-fluctuator spectra may aid in the identification of 
microscopic charge fluctuators. 
 
Charging Energy of the Cooper Pair Box 
 In this section we summarize the energy considerations for a Cooper pair box when no 
charge fluctuators are present. Considering the circuit schematic of the Cooper pair box shown in 
Fig. 1(a), the charging energy of the capacitors in the CPB without any charge fluctuators is [30]: 
 ( ) ( )22
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where Cj is the capacitance of the ultra-small junction, Cg is the capacitance of the gate electrode, 
Vi is the island potential, and Vg is the gate voltage. The island potential Vi is determined by Vg 
and the number n of excess Cooper pairs on the island. Each Cooper pair has charge 2e; note that 
here e = -1.609x10-19 C is negative, as in ref. [30]. One finds for the island potential [30]: 
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where: 
 gj CCC +=Σ            (3) 
is the total capacitance of the island and ng = -CgVg/e is the gate number.  Also, in writing Eq. (2) 
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we have implicitly assumed that there are no quasiparticles present.   
 To properly describe the systems behavior, we need to take into account the work W done 
by the gate voltage source when the number n of Cooper pairs on the island changes. The 
appropriate quantity is the charging energy minus the work: 
 WUE −= .           (4) 
To find the work, we note that if n excess pairs have accumulated on the island, a charge of 
 
Σ
−=
C
C
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will be attracted onto the gate electrode (the plate of the gate capacitor Cg that is directly attached 
to the gate voltage source Vg). Since this charge has to be supplied by the gate voltage source at 
potential Vg, the total work the source has to do is QgVg and thus: 
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After some algebraic manipulation, one finds that the charging energy minus the work is: 
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where Σ= CeEc 22 . Since the second term in Eq. (7) does not depend on n, it will not affect the 
dynamics and can be dropped [30].  
 
Analysis of a CPB when Charge Fluctuators are Present    
 We now consider the case where two charge fluctuators are coupled to the Cooper pair 
box. The result for two charges can easily be generalized to more charges and is sufficient to 
reveal that the CPB will generate a coupling term between any two fluctuators. For this case, we 
again need to find the charging energy minus the work done by the gate voltage source. We can 
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write: 
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where Wj is the work done by the gate voltage source when the j-th fluctuator moves. Here, W is 
the work done by the gate voltage source when n changes and is given by Eq. (6).  
 To proceed, we assume that the two charge fluctuators are in the ultra-small tunnel 
junction barrier, i.e. in the capacitor Cj, where the device is most sensitive to charge motion [31-
32]. The charges, of strength Q1 and Q2 respectively, will induce charges Qp1 and Qp2 on the 
island given by [31-32]: 
 j
j
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where xj is the distance of the j-th charge from the ground plate of the ultra-small junction and d 
is the thickness of the junction's oxide barrier [see Fig. 1(b)]. Qp1 and Qp2 are polarization 
charges that are localized on the island close to the charges Q1 and Q2. Since the net charge on 
the island will be constant for n constant, a compensating charge of -(Qp1+Qp2) must exist on the 
rest of the island, distributed proportionally over the gate capacitor and junction capacitor. This 
in turn induces a charge Qg on the gate electrode given by: 
 
Σ
⎟⎠
⎞⎜⎝
⎛ +−=
C
C
Q
d
xQ
d
xQ gg 2211         (10) 
This charge must be delivered by the gate voltage source, and requires work: 
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From similar considerations, we find the island potential Vi is given by: 
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 From Eqs. (6), (8), (11) and (12), we find: 
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Comparing Eqs. (7) and (13), we see that the effect of charge motion is similar to a shift in the 
gate voltage and, again, the second term in Eq. (13) has no effect on the dynamics and can be 
dropped.  
 We can now construct the Hamiltonian H for the combined system by taking Eq. (13) and 
adding the kinetic energy of the charge fluctuator, the Josephson coupling energy of the ultra-
small tunnel junction, and the local potential experienced by the charge fluctuators. We can 
write: 
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The first term in Eq. (14): 
  ( ) )cos(2 2 γjgcCPB EnnEH −−=        (15) 
is the Hamiltonian of the Cooper pair box [26] with no charge fluctuators, where Ej is the 
Josephson energy and γ is the gauge invariant phase difference across the junction [31]. The 
second term in Eq. (14) is a sum over Hj, where  
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is the Hamiltonian of the j-th charge, which has charge Qj, position jr , momentum jp , mass mj, 
and moves in a local potential )( jj rU . The third term in Eq. (14):  
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is the coupling between the CPB and the j-th charge. Finally,  
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describes the interaction between the two charges. The potential U12 accounts for any direct local 
interactions between the two charges. If the charge defects are few in number and randomly 
distributed in the dielectric, then we expect U12 will typically be small because the junction 
electrodes will screen electric fields on a length scale given by d/2π ~ 0.2 nm. On the other hand, 
the term 22121 dCxxQQ Σ  in Eq. (18) came from the charging energy, as can be seen by 
expanding the first term in Eq. (13). This is an indirect electrostatic interaction between two 
fluctuators due to the capacitor plates and does not directly depend on the separation between the 
charges.   
 
Two-state Model of a Charge Fluctuator 
 To illustrate the behavior of a CPB coupled to a charge fluctuator, we will further 
simplify the situation and consider a CPB that is coupled to just one fluctuator that can tunnel 
between two locations. In this section, we first summarize the properties of such a two-level 
fluctuator (TLF) when the coupling to the CPB is ignored. From Eq. (16), we can write the 
Hamiltonian of the fluctuator as: 
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where we have absorbed the quadratic potential term 221
2
1 2 dCxQ Σ that occurs in Eq. (16) into 
the arbitrary potential U1. 
 For the charge fluctuator to behave as a two-level fluctuator, we will assume that the 
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potential )( 11 rU has two wells that the fluctuator can tunnel between [13,32], as shown in Fig. 
1(c).  In the absence of tunneling, we will assume the energy of the fluctuator is Ea in well a and 
Eb in well b, and that the corresponding distances from the ground electrode are xa and xb. With 
these simplifications, H1 can be written as a 2x2 matrix: 
 ⎟⎟⎠
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where abT  determines the tunneling rate between the two wells. Here we have chosen basis 
states: 
 ⎟⎟⎠
⎞
⎜⎜⎝
⎛=>
0
1
 a|      ⎟⎟⎠
⎞
⎜⎜⎝
⎛=>
1
0
 b|       (21) 
where |a> corresponds to the fluctuator being localized in well a and |b> to the fluctuator being 
localized in well b. 
  The two eigenstates of the isolated fluctuator can be found from Eq. (20). To simplify the 
resulting expressions, we set Ea = 0. We can then write the ground state as: 
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and the excited state as: 
 
⎭⎬
⎫
⎩⎨
⎧ >+>⎟⎠
⎞⎜⎝
⎛ +−−
+⎟⎠
⎞⎜⎝
⎛ ⎟⎠
⎞⎜⎝
⎛ +−
=> bTaTEE
TTEE
e ababbb
ababbb
f ||42
1
4
2
1
1| 22
2
2
22
 (23) 
with corresponding energies: 
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 From Eqs. (20)-(25) we can determine all of the properties of the isolated fluctuator. For 
example, the mean position of the charge when it is in one or the other of the eigenstates is: 
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The corresponding charge shift induced on the island when the fluctuator makes a transition from 
the ground state to the excited state is:  
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Substituting for the states we find: 
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 We note that for Tab>>Eb, Eq. (29) gives ΔQp=0. This is what one expects. When the 
tunneling is very large, the fluctuator will have nearly the same amplitude to be in well a as in 
well b. This will be true for both the ground state and the excited state, and implies that there will 
little change in the average position of the ion or corresponding change in the induced charge on 
the island when the state changes. On the other hand, in the limit Tab<<Eb, one finds ΔQpg 
=QΔx/d, which is the full amount expected from a charge Q shifting its position by Δx=xb-xa. 
This difference in behavior for large and small tunneling implies an interesting disconnection 
 11
between charge noise and charge-induced microstate splittings. Charge noise requires a change 
in the induced charge and so will be produced most effectively by fluctuators with relatively 
smaller Tab/Eb. Of course a small Tab/Eb would not necessarily prevent fluctuations because 
movement between the wells could still be driven via thermal activation over the fluctuator 
barrier. On the other hand, as discussed in the next section, large Tab/Eb tends to produce large 
splittings in the CPB spectra.     
 
Energy levels and transition spectrum of a CPB coupled to a charged TLF 
 We now consider a system that has a CPB and just one charge fluctuator in the tunnel 
barrier of the CPB. Equation (14) then reduces to: 
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The first term in brackets is just HCPB and the second term in brackets is H1, the Hamiltonian of a 
charge fluctuator when it is not coupled to the CPB. As described in the previous section we will 
replace this term with H1 given by Eq. (20) to produce a two-level fluctuator.  
 We next choose the basis states of the CPB to be the charge eigenstates of the box. Since 
the resulting expressions are quite cumbersome if more than two levels are used, for simplicity 
we will restrict ourselves to the subspace spanned by the charge states corresponding to n=0 and 
1 excess Cooper pairs on the island. These states are a reasonable choice for a basis for finding 
the ground state |gb> of the box if Ec >> Ej and the gate number is in the range of about 0< ng <2. 
On the other hand, with the restriction to n=0 and 1, we will only achieve a good representation 
of the first excited state |eb> in the range of about 1/2 <ng< 3/2. We would need to use n = -1, 0, 
1 to cover the range 0 <ng< 1, and n = 0, 1, 2 to cover the range 1 <ng< 2.  Nevertheless, with this 
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two state picture of the CPB, we can then write the uncoupled CPB Hamiltonian in matrix form 
as [26]: 
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 We now choose the basis states for the combined system (CPB and TLF) as the charge-
position states |n,m>, where n = 0, 1 is the charge state of the box and m is a or b, corresponding 
to the position of the fluctuator. We can write the basis states of the combined system explicitly 
as: 
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For convenience, we will take xa=0 and Ea=0. With this choice of basis, the Hamiltonian for the 
combined system of the CPB and charge fluctuator can be written explicitly in matrix form as: 
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where: 
   cr Ed
x
e
QE Δ= 2        (34) 
sets the energy scale for the coupling between the fluctuator and the CPB and here Δx=xb-xa=xb 
since we have taken xa=0.  
 The Hamiltonian given by Eq. (33) can be readily extended to include more charge states 
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of the CPB so that more accurate levels can be found over a larger range of ng. For example, Fig. 
2 shows CPB-TLF energy levels as a function of ng found by computing the energy eigenvalues 
numerically using three levels of the CPB (n=-1, 0,1). In Fig. 2(a) we set Ec/h= 12.48 GHz, Eb/h 
= 27.04 GHz, Er/h = 8.32 GHz, Tab= 0, and Ej= 0, i.e. the off-diagonal terms are zero. In this case, 
we see parabolic energy levels, corresponding to the charging energy of states with well-defined 
charge on the CPB and position of the fluctuator. For example, the levels labeled |1a>, |0a>, and 
|-1a> correspond to the fluctuator being in well a and the CPB having excess charge of 2e, 0, 
and -2e on the island, respectively. These levels are just the familiar charging energy of curves of 
the CPB in the limit Ej=0. The levels labeled |1b>, |0b>, and |-1b> are the corresponding levels 
corresponding to the fluctuator being in well b. They are just copies of the |1a>, |0a>, and |-1a> 
levels that have been displaced vertically by Eb and horizontally by the induced charge from the 
fluctuator.  
  Figure 2(b) shows the corresponding plot of the CPB-TLF energy levels as a function of 
ng when Tab and Ej are not set to zero. For this plot we used the same values for Ec, Eb and Er as 
in Fig. 2(a), but set Ej/h = Tab/h = 6.24 GHz. Examination of the plot again reveals similarities to 
the spectrum of an isolated CPB. Thus, the lowest level is what one would expect for the ground 
state of the box; this level corresponds predominantly to both the box and the fluctuator being in 
their ground state and is labeled |gbgf>. With our choice xa = 0, this level differs little from that 
of an isolated CPB. Similarly, the sections of the curves labeled |ebgf> are very similar to what 
one would expect for the excited state of the box; this level corresponds predominantly to the 
box being in its first excited state and the fluctuator being in its ground state. Note in particular 
the well-known CPB avoided crossing of size Ej between |gbgf> and |ebgf> at ng = 1± .  
 The excited level labeled |gbef> in Fig. 2(b) requires some additional discussion. The 
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state |gbef> that is responsible for this level has a large amplitude for the box to be in its ground 
state and the fluctuator to be in its excited state. We note that this curve looks similar to the curve 
for the level for state |gbgf>, except that it has been shifted upward along the energy axis and to 
the right along the ng axis. The upward shift of the |gbef> curve is approximately just the 
difference in energy between the ground state and the excited state of the fluctuator excited state, 
i.e. from Eq. (24)-(25) this is about 22 4 abb TE + ≈ 30 GHz, in good agreement with the figure. 
The shift of the characteristic to the right is caused by charge that is induced on the island when 
the fluctuator changes from its ground state to its excited state and is just: 
 
c
r
g E
E
ed 2
xQ n =Δ=Δ          [35] 
i.e. the state appears to have an effective gate charge of ng-Δng. For our parameters, this yields 
Δng 33.0 ≈ , in good agreement with Figs. 2(a) and 2(b),   
 A similar situation occurs for the sections of curve labeled |ebef> in Fig 2(b). These 
sections correspond to both the box being in its first excited state and the fluctuator being in its 
excited state. The |ebef> sections appear to be a copy of the |ebgf> curve that has been shifted 
upward and to the right, and the amount of these vertical and horizontal shifts is the same as for 
the shift from the |gbgf> to |gbef> sections. Note in particular that the avoided crossing between 
|gbgf> and |ebgf> at ng = ± 1 is replicated between the |gbef> and |ebef> curves at ng = -0.67 and 
ng = 1.33. 
 Microwave spectroscopy allows direct measurement of the allowed transition spectrum 
corresponding to differences in the energy levels. Figure 3 shows the calculated spectrum for 
transitions from the ground state |gbgf> to |ebgf> (labeled CPB in Fig. 3) and from |gbgf> to 
|gbef> (labeled TLF). Ignoring the small avoided crossings, the section of the curves labeled CPB 
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are essentially just the usual transition spectrum between the ground state and excited state of the 
CPB. In contrast, the section of the curve labeled TLF in Fig. 3 has a saw-tooth shape which 
looks quite different from the |gbef> and |gbgf> curves in Fig. 2(b) from which it was determined 
by subtraction. In particular, the TLF curve in Fig. 3 shows a nearly linear variation in transition 
frequency as a function of ng between about ng = -0.5 and ng=1, followed by a rapid reset near ng 
= ± 1. The slope of the linear section is just due to the change in the energy of the charge 
fluctuator in well b due to the gate voltage, as expressed by Eq. (17), and the slope scales with Er. 
The tunneling of the fluctuator also has an impact; large Tab/Eb causes an effective decrease in 
QΔx and a shallower slope in the TLF spectrum.  
 The rapid change in the TLF spectrum at ng = ± 1 is due to a Cooper pair tunneling onto 
the island, which resets the island potential Vi. This reset happens every Δng=2, and causes the 
resulting characteristics of the CPB to be periodic along the ng axis with period 2. Since we 
assumed the fluctuator is sitting in the ultra-small junction's barrier, between the island and 
ground, it will be subjected to an electric field that is set by Vi, and thus its characteristics will 
also be periodic in ng with the same period as the CPB. We note that the characteristics would 
not be strictly periodic if the fluctuator were sitting in the gate capacitor Cg, since in that case the 
fluctuator would experience a field that was set by Vg-Vi, which is not periodic in ng. The 
implication is that measurements of the spectrum periodicity could thus reveal some information 
about the location of a fluctuator.  
 We also note in Fig. 3 the presence of two small avoided crossings in the TLF - CPB 
spectrum, one near ng=-0.3 and the other near ng=0.5. The avoided crossing at ng = -0.3 is about 
1.2 GHz and is due to coupling between the |gbef> and |ebgf> states which for this value of ng are 
perturbed from |0b> and |-1a> respectively [see Fig. 2(a)]. The avoided crossing at ng= 0.5 is 
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only about 0.6 GHz and is also due to coupling between the |gbef> and |ebgf> states which for 
this value of ng are perturbed from |0b> and |1a> respectively. Examination of Fig. 2(b) shows 
that these avoided crossings are much smaller in size than the well-known CPB avoided 
crossings at ng= 1± , which are of size Ej ~ 8 GHz. Indeed, the TLF-CPB avoided crossings in Fig. 
3 are smaller than both of the off-diagonal terms (Ej=Tab ~ 6 GHz) as well as the coupling 
parameter Er ~ 8 Ghz. This is not surprising because <0b|H|1a> = <0b|H|-1a> = 0, as 
inspection of Eq. (33) reveals so that the coupling between these levels vanishes to first order. In 
fact, the splitting between the states |gbef> and |ebgf> only arises when the effect of the off-
diagonal terms in H (i.e. Ej and Tab) is evaluated to second order in degenerate perturbation 
theory, thus explaining the small size of these avoided crossings.   
 The different sizes of the CPB-TLF avoided crossings in Fig. 3 is more complicated to 
understand. The larger size of the splitting near ng=-0.3 is due to the closeness in energy of the 
|0b> and |-1a> states to the |-1b> state in this region [see Fig. 2(a)]. In second order 
perturbation theory, this leads to an amplitude for states |gbef> and |ebgf> to be in the |-1b> state, 
which then couples to |0b> and |-1a> with strengths Tab and Ej, respectively, and leads to a 
significant perturbation and avoided crossing. In contrast, for the avoided crossing between 
|gbef> and |ebgf> near ng=0.5, the |1b> state is relatively far in energy from the |0b> and |1a> 
states. The resulting levels |gbef> and |ebgf> are much closer to being the pure charge states |0b> 
and |1a>, and the resulting avoided crossing has a correspondingly smaller splitting.  
 
Conclusions 
 In summary, we have presented a simple model of charged two-level fluctuators coupled 
to a Cooper pair box, with the charge fluctuators residing in the dielectric barrier of the CPB's 
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ultra-small junction. We derive a general expression for the Hamiltonian and identify interaction 
terms that arise between the CPB and each fluctuator and also between a pair of fluctuators. We 
then considered the specific case of one fluctuator in a CPB and made a further simplifying 
assumption that the charge fluctuator acted as a two-level system with the charge tunneling 
between two locations.  For this case, we calculated the energy levels and the transition spectrum 
between the ground state and the two lowest excited states, and identified a distinctive saw-tooth 
feature in the spectrum that was caused by the fluctuators. We also identified small second-order 
avoided crossings between the TLF and CPB parts of the spectrum and noted that they are of 
different sizes. 
 Finally, we note that since ng is adjustable experimentally by applying a gate voltage and 
Ej can be adjusted by applying a magnetic field to the junction, the transition spectrum and 
splittings predicted by our model can be tested experimentally. In particular, the CPB parameters 
Ej and Ec can be determined directly from spectroscopy of the CPB transition from |gb> to |eb> 
and the fluctuator parameters Eb, Tab, and Er can be determined by fitting the predicted TLF 
spectrum (see Fig. 3 for example) to the measured spectrum. In fact, these three fluctuator 
parameters are determined rather directly by three features in the TLF spectrum; the slope of the 
linear section (which is determined mainly by Er and Tab/Eb), the average energy needed to excite 
the TLF (which is determined by Eb and Tab), and the magnitude of the splittings (which depends 
on Tab/Eb Er/Ec as well as the CPB parameter Ej/Ec).  
 In contrast, when a charge fluctuator couples to a Josephson phase qubit the resulting 
TLF spectrum cannot be measured as a function of gate voltage; the Josephson supercurrent acts 
to short out static potentials from appearing across the tunnel junction capacitance. Instead, one 
finds a fixed TLF resonance frequency as a function of the current through the junction. The 
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resulting phase qubit-TLF spectra produce just two features, the energy needed to excite the TLF 
(which is related to Eb and Tab) and the magnitude of the splitting between the TLF and the 
junction energy levels (which depends on Tab/Eb Er/Ec as well as Ej/Ec). As a result, it is not 
possible to independently determine Er, Tab and Eb from a phase qubit-TLF spectrum. Similar 
considerations apply to a flux qubit-TLF spectrum Thus we conclude that measurements of a 
fluctuator spectrum when it is coupled to a CPB may allow better access to the parameters of the 
TLF than corresponding measurement of a TLF coupled to a phase qubit.  
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Figure Captions 
Fig. 1. (a) Circuit schematic of Cooper Pair Box (CPB).  Cj is the ultra-small tunnel junction 
capacitance and Cg is the gate capacitance. (b) Charge fluctuators Q1 and Q2 in the 
dielectric tunnel barrier of the CPB ultra-small junction Cj. (c) Charge fluctuator Q1 can 
tunnel between two locations xa and xb in an asymmetric two-well potential.  
Fig. 2. Energy levels of a CPB coupled to a fluctuator. In each case a 3-level approximation was 
used for the CPB (n= -1, 0, 1) and the CPB has Ec/h= 12.48 GHz and the fluctuator has 
Eb/h = 27.04 GHz and Er/h = 8.32 GHz. (a) Energy levels obtained by setting both the 
Josephson energy Ej and the fluctuator tunneling term Tab to zero. The resulting levels are 
the pure position-charge states |1a>, |0a>, |-1a>, |1b>, |0b>, and |-1b> and there are no 
avoided level crossings. (b) Solid curves show energy levels found by setting Ej/h = Tab/h 
= 6.24 GHz, with the rest of the parameters the same as in (a). Black curve is the |gbgf> 
level, green is |ebgf>, red is |gbef>, and yellow is |ebef>. For comparison, dashed curves in 
(b) are the same as curves in (a).   
Fig. 3. Plot shows calculated transition frequency between the ground state and the two lowest 
excited states of the coupled CPB - fluctuator system. The CPB and TLF parameters were 
the same as in Fig. 2(b). The sections labeled CPB (green curves) correspond to excitation 
of the CPB from its ground state to first excited state, with the fluctuator in its ground 
state. The sections labeled TLF (red curves) correspond to excitation of the fluctuator 
from its ground state to first excited state, with the CPB in its ground state. The avoided 
crossing between the TLF spectrum and the CPB spectrum at ng = -0.3 is about twice as 
large as the avoided crossing at ng= 0.5. 
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